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a b s t r a c t
Let G be a mixed graph and let L(G) be the Laplacian matrix of the graph G. The first
eigenvalue and the first eigenvectors of G are respectively referred to the least nonzero
eigenvalue and the corresponding eigenvectors of L(G). In this paper we focus on the
properties of the first eigenvalue and the first eigenvectors of a nonsingular unicyclic
mixed graph (abbreviated to a NUM graph). We introduce the notion of characteristic set
associated with the first eigenvectors, and then obtain some results on the sign structure
of the first eigenvectors. By these results we determine the unique graph which minimizes
the first eigenvalue over all NUMgraphs of fixed order and fixed girth, and the unique graph
which minimizes the first eigenvalue over all NUM graphs of fixed order.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be amixed graph of order nwith vertex set V = V (G) = {v1, v2, . . . , vn} and edge set E = E(G), which is
obtained from an undirected graph by orienting some of its edges. The notion of amixed graph generalizes both the classical
approach of orienting all edges [15] and the unoriented approach [12]. Let e ∈ E(G), the sign of the edge e is denoted by
sgn e and defined as sgn e = 1 if e is unoriented and sgn e = −1 otherwise. Set aij = sgn (vi, vj) if (vi, vj) ∈ E(G) and aij = 0
otherwise. Then A(G) = [aij] is called the adjacency matrix of G. The Laplacian matrix of G is defined as L(G) = D(G)+ A(G)
[1,19], where D(G) = diag {d(v1), d(v2), . . . , d(vn)} is a diagonal matrix, and d(v) denotes the degree of the vertex v in the
graph G.
One can find that the Laplacianmatrix L(G) is symmetric and positive semidefinite so that its eigenvalues can be arranged
as follows:
0 ≤ λ1(G) ≤ λ2(G) ≤ · · · ≤ λn(G).
The least nonzero eigenvalue and the corresponding eigenvectors of L(G) are called the first eigenvalue and the first
eigenvectors of G, respectively. The spectrum of G is defined by the multi-set {λ1(G), λ2(G), . . . , λn(G)}. The graph G is called
singular (or nonsingular) if L(G) is singular (or nonsingular). Clearly, if G is all-oriented (that is, all edges of G are oriented),
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then L(G) is the classical Laplacian matrix, which is consistent with the Laplacian matrix of a simple graph (see [15]). So,
with respect to the Laplacian matrix, simple graphs can be considered as all-oriented mixed graphs.
Denote by−→G an all-oriented graph obtained from amixed graph G by assigning to each unoriented edge of G an arbitrary
orientation (of two possible directions). A mixed graph G is called quasi-bipartite if it does not contain a nonsingular cycle,
or equivalently, G contains no cycles with an odd number of unoriented edges [1, Lemma 1]. Note that a signature matrix is
a diagonal matrix with±1 along its diagonal. For algebraic properties of mixed graphs, one can refer to [1,2,7,8,19].
Lemma 1.1 ([19, Lemma 2.2]). Let G be a connected mixed graph. Then G is singular if and only if G is quasi-bipartite.
Theorem 1.2 ([1, Theorem 4]). Let G be a connected mixed graph. Then G is quasi-bipartite if and only if there exists a signature
matrix D such that DTL(G)D = L(−→G ), the Laplacian matrix of −→G .
Suppose that G is connected. If G is singular or λ1(G) = 0, then the spectrum of G is exactly that of −→G , and the first
eigenvalue of G is equal to λ2(
−→G ) , α(−→G ) > 0, which is called the algebraic connectivity of −→G by Fiedler [10]. The
first eigenvectors of −→G (corresponding to the algebraic connectivity) are usually called Fiedler vectors. Motivated by the
remarkable result [11, Theorem 3.14], researchers have a lot of work on the algebraic connectivity and the Fiedler vectors,
see, e.g., [3–6,9,13,14,16–18].
If G is nonsingular and connected, then by Lemma 1.1 and Theorem 1.2, G is not quasi-bipartite, and contains at least one
nonsingular cycle. So the number of edges of G is at least n (the number of vertices of G), which implies that G contains
a spanning nonsingular unicyclic mixed subgraph, namely, a graph containing exactly one cycle with that cycle being
nonsingular. For a nonsingular mixed graph G, the first eigenvalue is exactly the least eigenvalue λ1(G)(>0); and there are
few results on first eigenvalues and first eigenvectors of nonsingular mixed graphs. Due to Fan [8, Theorem 2.4], a structure
property on the first eigenvectors of a nonsingular unicyclic mixed graph (abbreviated as a NUM graph) is given. He also gets
some results on minimizing and maximizing the least (first) eigenvalue over all NUM graphs of order n and fixed girth, and
in particular determines the graphs which minimize and maximize, respectively, the least eigenvalue over all such graphs
with girth 3, where the girth of a graph is defined to be the minimum length of the cycles in the graph.
In this paperwe aim to investigate the first (least) eigenvalue and the first eigenvectors of aNUMgraph further.Motivated
by thework on characteristic set of a simple graph [3,9,16,18], we introduce the notion of characteristic set of amixed graph,
which provides away to understand the sign structure of the first eigenvectors.We obtain some results on the sign structure
of the first eigenvectors, and then use the results to determine the unique graph which minimizes the least eigenvalue over
all NUM graphs of fixed order and fixed girth, and the unique graph which minimizes the least eigenvalue over all NUM
graphs of fixed order.
2. First eigenvectors and characteristic set of a NUM graph
We first introduce some notions. A real vector X is called positive (negative, nonnegative, nonpositive, respectively) if
each entry of U is positive (negative, nonnegative, nonpositive, respectively), written as X > 0 (X < 0, X ≥ 0, X ≤ 0,
respectively). Denote by In the identity matrix of order n, and by |S| the cardinality of a finite set S.
Let G be a mixed graph. A vertex v of G and an (oriented or unoriented) edge (u, v) of G will be denoted by v ∈ G and
(u, v) ∈ G, respectively. Let S be a subset of vertices of G. Denote by G− S the graph obtained from G by deleting the vertices
of S together with all edges incident to the vertices of S. Denote by G− (u, v) the graph obtained from G by deleting the edge
(u, v) ∈ G. If (u, v) is not an edge of G, we will use the notation G + (u, v) to denote the graph obtained from G by adding
the edge (u, v), where (u, v)may be oriented or unoriented.
Suppose that G has vertex set V = {v1, v2, . . . , vn}. Let X = (x1, x2, . . . , xn)T ∈ Rn be a real vector. It will be convenient
to adopt the following terminology from [11]: X is said to give a valuation of the vertices of V , that is, for each vertex vi of
V , we associate the number xi, i.e., X(vi) = xi. In other words, X can be considered as a function defined on the vertices of
G which maps each vertex vi to the value xi. We often say X(vi) is a value of vi given by X . For a subgraph H of G, we will
denote X(H) as a subvector of X defined on the vertices of H . One can find that
XTL(G)X =
∑
(vi,vj)∈G
[
X(vi)+ sgn (vi, vj)X(vj)
]2
, (2.1)
and λ is an eigenvalue of Gwith the corresponding eigenvector X if and only if X 6= 0 and
[λ− d(vi)]X(vi) =
∑
vj∈N(vi)
sgn (vi, vj)X(vj), i = 1, 2, . . . , n, (2.2)
where N(v) denotes the set of vertices adjacent to v in the mixed graph G.
Let D be a signature matrix of order n. Then DTL(G)D is the Laplacian matrix of a mixed graph with the same underlying
graph as that of G. So each signature matrix of order n gives a re-signing of the edges of G (that is, some oriented edges of G
may turn to be unoriented and vise versa), and preserves the spectrum and the singularity of each cycle of G. We now use
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the notation DG to denote the graph obtained from G by a re-signing under the signature D, and assume that the labelling of
the vertices of DG is the same as that of G.
The following three Lemmas will play important roles in our discussion.
Lemma 2.1 ([8, Lemma 2.1]). Let G be a mixed graph with a connected spanning subgraph G0. If G0 is singular, then there exists
a signature matrix D such that DTL(G)D = L(DG), where DG is such that the edges of DG0 are all-oriented. If G0 is a nonsingular
unicyclic graph, then there exists a signature matrix D such that DTL(G)D = L(DG), where DG is such that the edges of DG0 are
all-oriented except an (arbitrary) unoriented edge on the cycle.
Lemma 2.2 ([8, Lemma 2.3]). Let G be a nonsingular unicyclic mixed graph on n vertices v1, v2, . . . , vn, with all edges oriented
except an unoriented edge e = (vi1 , vi2) on the cycle. Let G′ be a copy of G, where for each i = 1, . . . , n, vertex ui of
G′ corresponds to vertex vi of G. Let G′′ be an all-oriented unicyclic graph on 2n vertices which is obtained from the union
(G − e) ∪ (G′ − e′) by adding two oriented edges (vi1 , ui2), (vi2 , ui1), where the edge e′ = (ui1 , ui2). Order the vertices of
G′′ as v1, v2, . . . , vn, u1, u2, . . . , un. Then
λ1(G) = α(G′′),
and if X ∈ Rn is an eigenvector of G corresponding to λ1(G), then
[
X
−X
]
∈ R2n is an eigenvector of G′′ corresponding to α(G′′).
Lemma 2.3 ([8, Theorem 2.4]). Let G be a nonsingular unicyclic mixed graph on n vertices, with all edges oriented except an
unoriented edge on the cycle. Let X ∈ Rn be an eigenvector of G corresponding to the least eigenvalue λ1(G), which gives a
valuation of the vertices of G. Then there exists a vertex w on the cycle of G with X(w) 6= 0, and for each vertex v on the cycle
with d(v) ≥ 3, every path P which starts from v and contains no vertices of the cycle except v has the property that the values
at the vertices of P form either an increasing, or decreasing, or a zero sequence along this path according to whether X(v) > 0,
X(v) < 0, or X(v) = 0; in the last case all vertices in P have value zero.
By Lemma 2.1, to discuss the spectrum of a NUM graph G, it is enough to consider the NUM graph DG with all edges
oriented except an (arbitrary) unoriented edge on the cycle, which will be called the special NUM graph and abbreviated as
SNUM graph. Note that the eigenvectors of G and DG corresponding to the same eigenvalue differ by a signature matrix D.
Throughout this paper, wewill deal with SNUM graphs, unless specified in some places. Lemma 2.2 establishes a connection
between the first eigenvectors of a SNUM graph G and the first eigenvectors (Fiedler vectors) of a certain all-oriented
unicyclic mixed graph G′′; for convenience, the graph G′′ will be called the double graph of G.
We now introduce the notion of characteristic set of a mixed graph. Let G be a connected mixed graph and Y be a first
eigenvector of G. A vertex v of G is called a characteristic vertex if Y (v) = 0 and if there is a vertexw, adjacent to v, such that
Y (w) 6= 0; and an edge (u, w) of G is called a characteristic edge if Y (u)Y (w) < 0. ByC(G, Y )we denote the characteristic set
of Gwith respect to the vector Y , which is defined as the collection of all characteristic vertices and characteristic edges of G
with respect to Y . By the above definition, one can find that the characteristic sets of all-orientedmixed graphs are consistent
with those of simple graphs (necessarily with respect to Fiedler vectors) [3]. Hence we extend the notion of characteristic
set from simple graphs to mixed graphs. By Lemma 2.3, we directly obtain the following result on the characteristic set of a
SNUM graph.
Corollary 2.4. Let G be a SNUM graph and let X be a first eigenvector of G. Then each element of C(G, X) is contained in the
cycle of G.
For a connected graphG = (V , E), it iswell known that on the edge set E an equivalence relation canbedefined as follows:
edges e1 and e2 are equivalent, either if e1 = e2 or if there is a simple cycle containing both of them. Then the edge set E
is partitioned into some equivalence classes. A block of G is defined to be a subgraph of G induced by a certain equivalence
class. The following result deals with the characteristic set of a simple (or all-oriented) unicyclic graph corresponding to
Fiedler vectors.
Lemma 2.5 ([3, Corollary 11 and 13]). Let G be a simple (or all-oriented mixed) unicyclic graph and let Y be a Fiedler vector of
G. Then (1) 1 ≤ |C(G, Y )| ≤ 2, (2) either |C(G, Y )| = 1 and C(G, Y ) contains exactly a vertex, or C(G, Y ) is contained in a
block of G.
We now give a result on the characteristic set of a SNUM graph parallel to Lemma 2.5.
Theorem 2.6. Let G be a SNUM graph on n vertices v1, v2, . . . , vn, with the unique unoriented edge e = (vi1 , vi2) on the cycle,
and let X be a first eigenvector of G. Then 0 ≤ |C(G, X)| ≤ 2, and furthermore,
(1) if |C(G, X)| = 2, then e ∈ C(G, X), and the other characteristic element is also on the cycle;
(2) if |C(G, X)| = 1, then either C(G, X) = {vi1} or C(G, X) = {vi2}.
Proof. Let G′′ be the double graph of G on the vertices v1, v2, . . . , vn, u1, u2, . . . , un, which is obtained from G as in
Lemma 2.2. By Lemma 2.2,
[
X
−X
]
, Y is a Fiedler vector of the all-oriented graph G′′.
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From the construction of the graph G′′, each vertex vi of G corresponds to two vertices vi and ui of G′′, the unoriented edge
e = (vi1 , vi2) of G corresponds to two oriented edges (vi1 , ui2) and (vi2 , ui1) of G′′, and any other edge (vi, vj) (necessarily
being oriented) of G corresponds to two oriented edges (vi, vj) and (ui, uj) of G′′. Hence, by the the definition of Y , we have
X(vi1)X(vi2) < 0 (>0) iff Y (vi1)Y (ui2) > 0 (<0) iff Y (vi2)Y (ui1) > 0 (<0), (2.3)
and for any other edge (vi, vj) ((vi, vj) 6= (vi1 , vi2)),
X(vi)X(vj) < 0 (>0) iff Y (vi)Y (vj) < 0 (>0) iff Y (ui)Y (uj) < 0 (>0), (2.4)
where ‘‘iff’’ means ‘‘if and only if’’. We also find that
vi1(vi2) ∈ C(G, X) iff vi1(vi2) ∈ C(G′′, Y ) iff ui1(ui2) ∈ C(G′′, Y ), (2.5)
and for any other vertex vi (vi 6= vi1 and vi 6= vi2 ),
vi ∈ C(G, X) iff vi ∈ C(G′′, Y ) iff ui ∈ C(G′′, Y ). (2.6)
Let |C(G, X)| = k. By the above facts, |C(G′′, Y )| = 2k − 2 if the edge e ∈ C(G, X), and |C(G′′, Y )| ≥ 2k otherwise.
Consequently, if k ≥ 3, then |C(G′′, Y )| ≥ 4 whether e is a characteristic edge or not, which yields a contradiction to
Lemma 2.5. Thus 0 ≤ |C(G, X)| ≤ 2.
If |C(G, X)| = 2, then the edge e ∈ C(G, X), otherwise |C(G′′, Y )| ≥ 4 by the above discussion, a contradiction to
Lemma 2.5. In addition, by Corollary 2.4, the other characteristic element except e is also on the cycle.
Assume that |C(G, X)| = 1 in the following. Then C(G, X) contains exactly an edge or a vertex. If C(G, X) contains
the edge e = (vi1 , vi2), then by the facts (2.3)–(2.6), C(G′′, Y ) = ∅, a contradiction to Lemma 2.5. If C(G, X) contains
any other edge (vi, vj) 6= e, noting that C(G, X) cannot contain vertices now so that X contains no zero entries, we have
X(vi1)X(vi2) > 0. Thus by facts (2.3) and (2.4),C(G
′′, Y ) contains 4 elements (all being edges), a contradiction to Lemma 2.5.
If C(G, X) contains a vertex v (v 6= vi1 and v 6= vi2 ), then either X(vi1) = X(vi2) = 0 or X(vi1)X(vi2) > 0. For the former
case, if there exists a vertexw on the cycle such that X(w) 6= 0, then C(G, X) contains at least two vertices, a contradiction.
So X(v) = 0 for each vertex v on the cycle, which implies X = 0 by Lemma 2.3, also a contradiction. For the latter case,
by (2.3) and (2.5)–(2.6), C(G′′, Y ) contains 4 elements (two of them being edges and two being vertices), a contradiction.
Therefore, C(G, X) = {vi1}, or C(G, X) = {vi2}, and the result follows. 
Corollary 2.7. Let G be a SNUMgraph and let X be a first eigenvector of G. If |C(G, X)| ≤ 1, then X is nonnegative or nonpositive.
Proof. The result follows obviously if |C(G, X)| = 0. Nowwe consider the case of |C(G, X)| = 1. Let (vi1 , vi2) be the (unique)
unoriented edge on the cycle of G. By Theorem 2.6 (2), C(G, X) contains exactly a vertex incident to the unoriented edge
(vi1 , vi2). Without loss of generality let C(G, X) = {vi1}. Let w be another vertex on the cycle which is adjacent to vi1 . Then
by Lemma 2.3, X(v) = 0 for each vertex v adjacent to vi1 with v 6= w and v 6= vi1 . By the eigen-equation (2.2),
0 = [λ1(G)− d(vi1)]X(vi1) =
∑
v∈N(vi1 )
sgn (v, vi1)x(v) = X(vi2)− X(w).
As vi1 is a characteristic vertex,
X(vi2) = X(w) 6= 0.
Hence, for any other vertex u on the cycle, X(u) has the same sign as x(vi2) or X(w). By Lemma 2.3, X is nonnegative or
nonpositive. 
Corollary 2.8. Let G be a SNUM graph and let X be a first eigenvector of G. Then there exists at most one vertexw on the cycle of
G such that X(w) = 0.
Proof. On the contrary, assume there exist two vertices w and v on the cycle of G such that X(w) = X(v) = 0. Note that
there are two paths on the cycle joining w and v. If one of the paths contains a nonzero vertex with value given by X , then
C(G, X) contains at least two characteristic elements (both being vertices), a contradiction to Theorem 2.6 (1). Hence for
each vertex u on the cycle, X(u) = 0. By Lemma 2.3, X = 0, a contradiction. 
We now give a more general result on the nonnegative (or nonpositive) property of the first eigenvectors of a SNUM
graph.
Theorem 2.9. Let G be a SNUM graph and let X be a first eigenvector of G. Then there exists a signature matrix D such that DG
is a SNUM graph and DX is a nonnegative first eigenvector of DG.
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(1) C(G, X) contains two edges. (2) C(G, X) contains one edge and
one vertex.
Fig. 2.1. The signs of vertices on cycle.
Fig. 2.2. A SNUM graph G.
Proof. Let C be the cycle of the graph G, which contains the oriented edges (vi, vi+1), i = 1, 2, . . . , k−1, and an unoriented
edge (v1, vk), see Fig. 2.1. Without loss of generality, let X be a vector with at least one positive entry; otherwise, X ≤ 0,
then we take D = −I|V (G)| and the result follows. Obviously, if X ≥ 0, the result follows by taking D = I|V (G)|.
Assume that X is not nonnegative. Then by Corollary 2.7, |C(G, X)| > 1, and by Theorem 2.6, |C(G, X)| = 2 and C(G, X)
contains the unoriented edge (v1, vk). Without loss of generality, suppose X(v1) < 0 and X(vk) > 0.
If the characteristic element ofC(G, X) distinct to (v1, vk) is an edge, say (vi, vi+1), then X(vp) < 0 for p = 1, 2, . . . , i, and
X(vq) > 0 for q = i+1, . . . , k; see Fig. 2.1(1). Note that the graph G−(v1, vk)−(vi, vi+1) contains exactly two components:
one component denoted byG1 containing the vertex v1 and vi, and the other component denoted byG2 containing the vertex
vk and vi+1. By Lemma 2.3, X(G1) < 0 and X(G2) > 0. Now taking D = −I|V (G1)| ⊕ I|V (G2)|, one can find that DX > 0 and DG
is a SNUM graph with the unoriented edge (vi, vi+1). The result follows.
If the characteristic element of C(G, X) distinct to (v1, vk) is a vertex, say vt , then 2 ≤ t ≤ k − 1. By Corollary 2.8,
X(vp) < 0 for p = 1, . . . , t − 1, X(vq) > 0 for q = t + 1, . . . , k and X(vt) = 0; see Fig. 2.1(2). Then, by a similar discussion,
one can find a signature matrix D such that DX ≥ 0 and DG is a SNUM graph. The result also follows. 
Remark 2.10. In Theorem 2.9, if we take D′ = −D, then D′X ≤ 0 and the graph D′G is same as the graph DG, including the
sign of every edge.
If G is a connected simple (all-oriented) graph, it is well known that its Fiedler vector must contain both positive and
negative entries [11, Theorem 3.14] so that the characteristic set has cardinality at least 1. However, if G is a nonsingular
mixed graph (in particular, a SNUM graph), then the first eigenvector may be positive or negative, and therefore the
characteristic set may have cardinality 0.
Next we give an example to illustrate the above results.
Example 2.11. Let G be a SNUM graph listed in Fig. 2.2, and let G˜ be the graph obtained from G by orienting the edge (v3, v7)
and unorienting the edge (v3, v4).
Then by a little calculation,
X ≈ (.5211, .4179, .2319, .2319, .4179, .5211, 0)
and
X˜ ≈ (−.5211,−.4179,−.2319, .2319, .4179, .5211, 0)
are respectively the first eigenvectors of G and G˜. It is easy to see that
C(G, X) = {v7}, C (˜G, X˜) = {(v3, v4), v7}.
If we take D = −I3 ⊕ I4, then DX˜ = X ≥ 0 and DG˜ = G, while taking D′ = −D, then D′ G˜ = DG˜ = G, and D′X ≤ 0.
By Lemma 2.1, Theorems 2.6 and 2.9, we have the following two corollaries on NUM graphs immediately.
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Corollary 2.12. Let G = (V , E) be a NUM graph and X be a first eigenvector with no zero entries. Then there exist signature
matrices D1 and D2 such that
D1G and D2G are both SNUM graphs, and
|C(D1G,D1X)| = 2, |C(D2G,D2X)| = 0.
Corollary 2.13. Let G = (V , E) be a NUM graph and X be an first eigenvector with at least one zero entry. Then there exist
signature matrices D1 and D2 such that
D1G and D2G are both SNUM graphs, and
|C(D1G,D1X)| = 2, |C(D2G,D2X)| = 1.
As a byproduct we give an upper bound for the multiplicity of the least eigenvalue of a NUM graph.
Theorem 2.14. Let G = (V , E) be a NUM graph. Then the least eigenvalue of G has multiplicity at most 2.
Proof. By Lemma 2.1, we can assume G is a SNUM graph. Assume that there exist three independent eigenvectors X1, X2
and X3 of G corresponding to the least eigenvalue λ1(G). Let u, v be two vertices on the cycle. As X1, X2, X3 are linearly
independent, there is a linear combination Z 6= 0 of these vectors such that Z(u) = Z(v) = 0. This contradicts Corollary 2.8
as Z is also an eigenvector of G corresponding to λ1(G). .
Remark 2.15. The bound of Theorem 2.14 is sharp. Let Ĝ be a NUM graph obtained from G listed in Fig. 2.2 by joining v7 to
a pendent of a path P2. Then
det(L(G2)− λI) = −(−4+ 15λ− 8λ2 + λ3)(−1+ 6λ− 5λ2 + λ3)2,
and λ1(̂G) is the least root of the polynomial (−1+ 6λ− 5λ2 + λ3)with multiplicity 2.
3. Minimizing the least eigenvalue over all NUM graphs
In this section, we determine the graph which minimizes the least eigenvalue over all NUM graphs of order n and with
fixed girth, and the graph which minimizes the least eigenvalue over all NUM graphs of order n. Denote by P = v1v2 · · · vn
a path on n vertices v1, v2, . . . , vn with oriented edges (vi, vi+1) for i = 1, 2, . . . , n− 1.
Lemma 3.1 ([8, Theorem 3.2]). Among all NUM graphs on n ≥ 5 vertices with fixed girth m, the least eigenvalue is minimized
by a NUM graph with girth m, with the following property: There are at most two connected components at every vertex on the
cycle, and the component not including the vertices on the cycle (if one exists), is a path.
Lemma 3.2. Let C be cycle on vertices v1, v2, . . . , vk (k ≥ 3) with exactly one unoriented edge, and let G be a SNUM graph
which is obtained from C by attaching at most one path to each vertex vi of C for i = 1, 2, . . . , k. Suppose that there are two
paths Pi = viv1i v2i · · · vtii and Pj = vjv1j v2j · · · vtjj respectively attached to the vertex vi and vj on the cycle, where ti ≥ 1 and
tj ≥ 1. Let X be a first eigenvector of G. If X(vj) ≥ X(vi) > 0, or X(vj) > X(vi) = 0, then
λ1(G) > λ1(˜G),
where G˜ = G− (vi, v1i )+ (vtjj , v1i ), and (vtjj , v1i ) is oriented.
Proof. Wemay let X be a unit vector (that is, XTX = 1), and let Y be a vector defined on the vertices of G˜ such that{
Y (vpi ) = X(vpi )+ X(vtjj )− X(vi), for p = 1, 2, . . . , ti;
Y (w) = X(w), forw ∈ V (G), w 6= vpi , p = 1, 2, . . . , ti.
By (2.1), we have
Y TL(˜G)Y = XTL(G)X,
and
Y TY =
∑
v∈G
Y 2(v)
=
∑
v∈G−{v1i ,...,v
ti
i }
X2(v)+
ti∑
p=1
[
X(vpi )+ X(vtjj )− X(vi)
]2
= 1+ 2
[
X(v
tj
j )− X(vi)
] ti∑
p=1
X(vpi )+ ti
[
X(v
tj
j )− X(vi)
]2
.
Y.-Z. Fan et al. / Discrete Mathematics 309 (2009) 2479–2487 2485
Fig. 3.1. A SNUM graph U(n,m).
As X(vj) > 0, by Lemma 2.3, we have
0 < X(vj) < X(v1j ) < X(v
2
j ) < · · · < X(vtjj ).
If X(vj) ≥ X(vi) > 0, or X(vj) > X(vi) = 0, then X(vtjj ) > X(vi). Consequently, Y TY > 1, and thus
λ1(G) = XTL(G)X = Y TL(˜G)Y ≥ Y TY · λ1(˜G) > λ1(˜G).
The proof is complete. 
We need to introduce a SNUM graph U(n,m), 3 ≤ m ≤ n, which is obtained from a cycle onm vertices by identifying a
single vertex of the cycle to a pendent vertex of a path of length n−m; see Fig. 3.1.
Theorem 3.3. Among all NUMgraphs onn ≥ 5 verticeswith girthm, the unique graph (up to a signaturematrix)whichminimizes
the least eigenvalue is obtained from a cycle on m vertices by identifying a single vertex of the cycle to a pendent vertex of a path
of length n−m; see the graph in Fig. 3.1.
Proof. By Lemma 3.1, it is enough to consider the graphs G with the property as in Lemma 3.1. By Lemma 2.1, we may
assume that G is a SNUM graph, and by Theorem 2.9, we assume G has a nonnegative first eigenvector X .
Now suppose that G has k (k ≥ 2) disjoint paths attached to the vertices of its cycle. Let these paths be Pi =
viv
1
i v
2
i · · · vtii , i = 1, 2, . . . , k, where v1, v2, . . . , vk are the vertices on the cycle. Obviously,
∑k
j=1 tj = n−m. By Corollary 2.8,
we may assume X(vk) = max1≤i≤k X(vi) > 0. Then by Lemma 3.2,
λ1(G) > λ1(G1),
where G1 = G− (vk−1, v1k−1)+ (vtkk , v1k−1).
Note that the graphG1 has exactly k−1 disjoint paths attached to the vertices of its cycle. If k−1 ≥ 2, repeating the above
operations, we get a graph G2 with exactly k − 2 disjoint paths attached to the vertices of its cycle, and λ1(G1) > λ1(G2).
Repeating the same procedure, we at last get a graph Gk−1 with exactly one path attached to a single vertex of its cycle, and
λ1(G) > λ1(G1) > · · · > λ1(Gk−1).
We get the desired result. 
Theorem 3.4. Among all NUM graphs on n ≥ 4 vertices, the unique graph (up to a signature matrix) which minimizes the least
eigenvalue is obtained from a cycle on 3 vertices by identifying a single vertex of the cycle to a pendent vertex of a path of length
n− 3.
Proof. By Lemma2.1 and Theorem3.3, it is enough to consider the SNUMgraphsU(n,m) in Fig. 3.1. Let Cm be the cycle of the
graph U(n,m). Deleting the unoriented edge (v1, vm) of U(n,m) and adding a new unoriented edge (v2, vm) to U(n,m), we
then obtain a SNUM graph G, which is same to U(n,m− 1) in essence with only difference on the label of vertices. If we can
prove that for eachm = 4, 5, . . . , n, there exists a first eigenvector ofU(n,m) such that [X(v1)+X(vm)]2 > [X(v2)+X(vm)]2,
then by (2.1),
λ1(U(n,m)) =
∑
(vi,vj)∈U(n,m)
[
X(vi)+ sgn (vi, vj)X(vj)
]2
=
∑
(vi,vj)∈U(n,m)−(v1,vm)
[
X(vi)+ sgn (vi, vj)X(vj)
]2 + [X(v1)+ X(vm)]2
>
∑
(vi,vj)∈U(n,m)−(v1,vm)
[
X(vi)+ sgn (vi, vj)X(vj)
]2 + [X(v2)+ X(vm)]2
=
∑
(vi,vj)∈G
[
X(vi)+ sgn (vi, vj)X(vj)
]2
≥ λ1(G) = λ1(U(n,m− 1)).
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Therefore,
λ1(U(n, n)) > λ1(U(n, n− 1)) > · · · > λ1(U(n, 4)) > λ1(U(n, 3)),
which proves the result.
Suppose first that 4 ≤ m ≤ n − 1. Let X be a first eigenvector of U(n,m). We assert that X(v1) 6= 0; otherwise
X(vm+1) = X(vm+2) = · · · = X(vn) = 0 by Lemma 2.3, and hence by (2.2), X(Cm) is an eigenvector of Cm. Hence,
λ1(U(n,m)) ≥ λ1(Cm). However by [8, Theorem 2.6], λ1(U(n,m)) < λ1(Cm), a contradiction. So X(v1) 6= 0, and hence
λ1(U(n,m)) has multiplicity one. Let Y be a vector defined on the vertices of U(n,m) such that{Y (v1) = X(v1),
Y (vj) = −X(vm+2−j), for j = 2, 3, . . . ,m,
Y (vj) = X(vj), for j = m+ 1,m+ 2, . . . , vn.
By (2.2), one can verify that Y is also a first eigenvector of U(n,m). As λ1(U(n,m)) has multiplicity one and X(v1) 6= 0, we
get Y = X , and hence
X(vj) = −X(vm+2−j), for j = 2, 3, . . . ,m. (3.1)
Without loss of generality, let X(v1) > 0, and hence X(vm+1) > X(v1) by Lemma 2.3. We also find that X(v1) 6= X(v2);
otherwise, by (2.2) and (3.1),
3X(v1) > [d(v1)− λ1(U(n,m))]X(v1) = 2X(v2)+ X(vm+1) > 3X(v1),
a contradiction. So by (3.1)
[X(v1)+ X(vm)]2 = [X(v1)− X(v2)]2 > 0 = [X(v2)+ X(vm)]2.
The result follows by the above discussion.
If m = n, that is, U(n, n) = Cn is a cycle, then by [8, Corollary 2.5], λ1(U(n, n)) = 2(1 − cos pin ), and by (2.2) one can
verify that the following vector Z is a first eigenvector of U(n, n), where Z is defined as follows:
Z(vj) = cos (j− 1)pin , for j = 1, 2, . . . , n.
So
[Z(v1)+ Z(vn)]2 > 0 = [Z(v2)+ Z(vn)]2.
The result also follows. 
Note that in [8, Theorem 3.3], Fan determines the graph which minimizes the least eigenvalue over all NUM graphs of
fixed order and with girth 3. Here we get a general result. As a consequence of Theorem 3.4, we get the following result.
Theorem 3.5. For any NUM graph G on n ≥ 4 vertices,
λ1(G) ≥ λ1(U(n, 3)),
with equality if and only if, up to a signature matrix, G is the graph U(n, 3) in Fig. 3.1.
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